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Considering the following 4-fermi interaction

Mi =(ψ̄1Γiψ2)(ψ̄3Γiψ4),

where Γi =S(1), V µ(γµ), T ρσ(σρσ = i/2(γργσ − γσγρ)= iγργσ, ρ <σ), Aν(γνγ5), P (γ5)

i.e. Γi = 1, γ0, γ1, γ2, γ3, σ01, σ02, σ03, σ12, σ13, σ23, γ0γ5, γ1γ5, γ2γ5, γ3γ5, γ5

Mi =(ψ̄1Γiψ2)(ψ̄3Γiψ4)=
∑

α,β

(ψ̄1αΓiαβψ2β)
∑

γ,δ

(ψ̄3γΓiγδψ4δ)

=
∑

α,β,γ,δ

ΓiαβΓiγδψ̄1αψ2βψ̄3γψ4δ

=−
∑

α,β,γ,δ

ΓiαβΓiγδψ̄1αψ4δψ̄3γψ2β

Here suppose ΓiαβΓiγδ as 4× 4 matrix with index i and αδ, i.e. Θiαδ = (Θiαδ)γβ

Matrix Θ can be represent by 16 independent matrix Γj

ΓiαβΓiγδ =−
∑

j

Λiαδ
j Γjγβ

Next suppose Λiαδ
j as 4× 4 matrix with index i and j, i.e. Λi

j =(Λi
j)αδ

Λiαδ
j =

∑

k

λijkΓkαδ

Then

ΓiαβΓiγδ =−
∑

j

∑

k

λijkΓkαδΓjγβ

Multiply Γlβγ and take sum over β and γ

ΓiαβΓlβγΓiγδ =−
∑

j

∑

k

λijkΓkαδΓjγβΓlβγ

ΓiΓlΓi =−
∑

j

∑

k

λijkΓkTr(ΓjΓl)

Note

Tr[γµγν] = 4gµν

Tr[γµγνγργσ] = 4[gµνgρσ + gµσgνρ − gµρgνσ]

Tr[γ1γ2
 γ2n+1] = 0

Tr[γ5] =Tr[γ5γµ] =Tr[γ5γµγν] =Tr[γ5γµγνγρ] = 0

For Tr(ΓiΓj) =Tr(ΓjΓi), obtain

Tr(ΓiΓj) S V µ′

T ρ′σ ′

Aν ′

P

S 4 0 0 0 0

V µ 4gµµ′

0 0 0

T ρσ 4gρρ′

gσσ ′

0 0

Aν −4gνν ′

0
P 4

Tr(σρσσρ′σ ′

) =−Tr(γργσγρ′

γσ ′

) (ρ<σ, ρ′<σ ′)

=−4(gρσ ′

gσρ′

− gρρ′

gσσ ′

)

=4gρρ′

gσσ ′

(if σ= ρ′, ρ<σ= ρ′<σ ′)
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Therefore Tr(ΓiΓj)= 4ǫiδij, where

ǫi≡

{

1 (Γi = 1, γ0, σ12, σ13, σ23, γ1γ5, γ2γ5, γ3γ5, γ5)
−1 (otherwise)

Then

ΓiΓlΓi =−4
∑

j

∑

k

λijkΓkǫjδjl =−4
∑

k

λilkǫlΓk

Multiply Γj from right and take the trace

Tr(ΓiΓlΓiΓj) =−4
∑

k

λilkǫlTr(ΓkΓj)=−16
∑

k

λilkǫlǫkδkj =−16λiljǫlǫj

Therefore we obtain

λijk =−
1

16
ǫjǫkTr(ΓiΓjΓiΓk)

Since γµγν =

{

γνγµ (µ= ν)
−γνγµ (µ� ν) and γµγ5 =−γ5γµ,

ΓiΓj = ηijΓjΓi , where ηij =±1

Define n(µ, ν; ρ, σ) as a number of pairs between µ, ν and ρ, σ

ηij S V µ′

T ρ′σ ′

Aν ′

P

S + + + + +

V µ −(−1)n(µ;µ′) (−1)n(µ;ρ′,σ ′) (−1)n(µ;ν ′) −

T ρσ (−1)n(ρ,σ;ρ′,σ ′) (−1)n(ρ,σ;ν ′) +

Aν −(−1)n(ν;ν ′) −
P +

and

ΓSΓS =1

ΓV µΓV µ = γµγµ = gµµ

ΓT ρσΓT ρσ =−γργσγργσ = γργσγσγρ = gρρgσσ (ρ<σ)

ΓAνΓAν = γνγ5γνγ5 =−γνγ5γ5γν =−gνν

ΓPΓP = γ5γ5 = 1

i.e., ΓiΓi = ǫi , then

λijk =−
1

16
ǫjǫkTr(ΓiΓjΓiΓk)=−

1

16
ǫjǫkηijTr(ΓjΓiΓiΓk)=−

1

16
ǫiǫjǫkηijTr(ΓjΓk)

=−
1

4
ǫiǫkηijδjk

Therefore,

ΓiαβΓiγδ =−
∑

j

∑

k

λijkΓkαδΓjγβ =−
∑

j

λijΓjαδΓjγβ ,

where λij ≡−
1

4
ǫiǫjηij , and

(ψ̄1Γiψ2)(ψ̄3Γiψ4) =−
∑

α,β,γ,δ

ΓiαβΓiγδψ̄1αψ4δψ̄3γψ2β

=
∑

α,β,γ,δ

∑

j

λijΓjαδΓjγβψ̄1αψ4δψ̄3γψ2β

=
∑

j

λij(ψ̄1Γjψ4)(ψ̄3Γjψ2)

,
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Here (Γ)(Γ) means (ψ̄aΓψb)(ψ̄cΓψd)

(γµ)(γµ) = (γ0)(γ0)− (γ1)(γ1)− (γ2)(γ2)− (γ3)(γ3) =
∑

i=V µ

ǫi(Γi)(Γi)

(σρσ)(σρσ)= 2
∑

i=T ρσ

ǫi(Γi)(Γi)

(γνγ5)(γνγ
5) =−

∑

i=Aν

ǫi(Γi)(Γi)

Considering above

(ψ̄1ψ2)(ψ̄3ψ4) =
∑

j

λSj(ψ̄1Γjψ4)(ψ̄3Γjψ2)

=−
1

4

∑

j

ǫj(ψ̄1Γjψ4)(ψ̄3Γjψ2)

=−
1

4

{

(1)(1)+ (γµ)(γµ)+
1

2
(σρσ)(σρσ)− (γνγ5)(γνγ

5)+ (γ5)(γ5)

}

,

where (Γ)(Γ) means (ψ̄1Γψ4)(ψ̄3Γψ2)

(ψ̄1γ
µψ2)(ψ̄3γµψ4) =

∑

i=V µ

ǫi(ψ̄1Γiψ2)(ψ̄3Γiψ4)

=
∑

i=V µ

ǫi
∑

j

λij (ψ̄1Γjψ4)(ψ̄3Γjψ2)

=−
1

4

∑

i=V µ

∑

j

ǫjηij(ψ̄1Γjψ4)(ψ̄3Γjψ2)

=−
1

4

∑

j

ǫj(ψ̄1Γjψ4)(ψ̄3Γjψ2)
∑

i=V µ

ηij

∑

i=V µ

ηij =



























4 (j=S)

−2 (j=V µ′

)

0 (j=T ρ′σ ′

)

2 (j=Aν ′

)
−4 (j=P )

(ψ̄1γ
µψ2)(ψ̄3γµψ4) =−

1

4
{4(1)(1)− 2(γµ)(γµ)− 2(γνγ5)(γνγ

5)− 4(γ5)(γ5)}

(ψ̄1σ
ρσψ2)(ψ̄3σρσψ4) =2

∑

i=T ρσ

ǫi(ψ̄1Γiψ2)(ψ̄3Γiψ4)

=−
1

2

∑

j

ǫj(ψ̄1Γjψ4)(ψ̄3Γjψ2)
∑

i=T ρσ

ηij

∑

i=T ρσ

ηij =



























6 (j=S)

0 (j=V µ′

)

−2 (j=T ρ′σ ′

)

0 (j=Aν ′

)
6 (j=P )

(ψ̄1σ
ρσψ2)(ψ̄3σρσψ4)=−

1

2
{6(1)(1)− (σρσ)(σρσ)+ 6(γ5)(γ5)}

(ψ̄1γ
νγ5ψ2)(ψ̄3γνγ

5ψ4) =−
∑

i=Aν

ǫi(ψ̄1Γiψ2)(ψ̄3Γiψ4)

=
1

4

∑

j

ǫj(ψ̄1Γjψ4)(ψ̄3Γjψ2)
∑

i=Aν

ηij
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∑

i=Aν

ηij =



























4 (j=S)

2 (j=V µ′

)

0 (j=T ρ′σ ′

)

−2 (j=Aν ′

)
−4 (j=P )

(ψ̄1γ
νγ5ψ2)(ψ̄3γνγ

5ψ4)=
1

4
{4(1)(1)+ 2(γµ)(γµ) +2(γνγ5)(γνγ

5)− 4(γ5)(γ5)}

(ψ̄1γ
5ψ2)(ψ̄3γ

5ψ4) =
∑

j

λPj(ψ̄1Γjψ4)(ψ̄3Γjψ2)

=−
1

4

∑

j

ǫjηPj(ψ̄1Γjψ4)(ψ̄3Γjψ2)

=−
1

4

{

(1)(1)− (γµ)(γµ)+
1

2
(σρσ)(σρσ)+ (γνγ5)(γνγ

5)+ (γ5)(γ5)

}

Finally, if we define λij by

(ψ̄1Λiψ2)(ψ̄3Λiψ4)=
∑

j

λij(ψ̄1Λjψ4)(ψ̄3Λjψ2),

where Λi =S(1), V (γµ), T (σρσ), A(γνγ5), P (γ5)

λij S V T A P

S −1/4 −1/4 −1/8 1/4 −1/4
V −1 1/2 0 1/2 1
T −3 0 1/2 0 −3
A 1 1/2 0 1/2 −1
P −1/4 1/4 −1/8 −1/4 −1/4

Applications

ψ̄γµ(1− γ5)φ ={ψ̄γµ(1− γ5)φ}T

=−φT {γµ(1− γ5)}Tψ̄ T = φ̄ CC{γµ(1− γ5)}TC−1ψC

=φ̄ C(1− γ5)C{γµ}TC−1ψC =−φ̄ C(1− γ5)γµψC =−φ̄ Cγµ(1 + γ5)ψC

where ψC =Cψ̄ T = iγ2ψ∗ C = iγ2γ0 =

[

0 −iσ2

−iσ2 0

]

{ψ̄1γµ(1− γ5)ψ2}{ψ̄3γ
µ(1 + γ5)ψ4}

= −{ψ̄1(1+ γ5)ψ4}{ψ̄3(1− γ5)ψ2}+ {ψ̄1γ
5(1+ γ5)ψ4}{ψ̄3γ

5(1− γ5)ψ2}

+
1

2
{ψ̄1γµ(1+ γ5)ψ4}{ψ̄3γ

µ(1− γ5)ψ2}+
1

2
{ψ̄1γµγ

5(1 + γ5)ψ4}{ψ̄3γ
µγ5(1− γ5)ψ2}

= −2{ψ̄1(1+ γ5)ψ4}{ψ̄3(1− γ5)ψ2}

Therefore

{ūbγµ(1− γ5)ut}{ūνγ
µ(1− γ5)vℓ̄} =−{ūbγµ(1− γ5)ut}{v̄ℓ̄

Cγµ(1 + γ5)uν
C}

=2{ūb(1 + γ5)uν
C}{v̄ℓ̄

C(1− γ5)ut}

Likewise

{v̄b̄γµ(1− γ5)vt̄}{v̄ν̄γ
µ(1− γ5)uℓ}= 2{v̄b̄(1+ γ5)vν̄

C}{ūℓ
C(1− γ5)vt̄}

At top(anti-top) rest frame, suppose ℓ̄
ˆ (ℓ̂) as unit vector of ℓ̄ (ℓ) flight direction

vℓ̄ =Nℓ̄

(

σ · ℓ̄ˆφℓ̄

φℓ̄

)

uℓ =Nℓ

(

φℓ

σ · ℓ̂φℓ

)
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v̄ℓ̄
C =−vℓ̄

TC−1 =
(

φℓ̄
T
σ

∗ · ℓ̄ˆ φℓ̄
T

)

[

0 −iσ2

−iσ2 0

]

=−
(

φℓ̄
Tiσ2 φℓ̄

T
σ

∗ · ℓ̄ˆiσ2

)

=
(

(iσ2φℓ̄
∗)† −(iσ2φℓ̄

∗)†σ · ℓ̄ˆ
)

note that σi
∗σ2 =−σ2σi

ūℓ
C =−uℓ

TC−1 =
(

φℓ
T φℓ

T
σ

∗ · ℓ̂
)

[

0 −iσ2

−iσ2 0

]

=−
(

φℓ
T
σ

∗ · ℓ̂iσ2 φℓ
Tiσ2

)

=
(

−(iσ2φℓ
∗)†σ · ℓ̂ (iσ2φℓ

∗)†
)

At top rest frame

{ūbγµ(1− γ5)ut}{ūνγ
µ(1− γ5)vℓ̄}= 2{ūb(1+ γ5)uν

C}{v̄ℓ̄
C(1− γ5)ut}

= 2{ūb(1 + γ5)uν
C}

{

(

(iσ2φℓ̄
∗)† −(iσ2φℓ̄

∗)†σ · ℓ̄ˆ
)

(1− γ5)

(

φt

0

)}

= 2{ūb(1 + γ5)uν
C}
{

(iσ2φℓ̄
∗)†
(

1+ σ · ℓ̄ˆ
)

φt

}

{v̄b̄γµ(1− γ5)vt̄}{v̄ν̄γ
µ(1− γ5)uℓ}=2{v̄b̄(1+ γ5)vν̄

C}{ūℓ
C(1− γ5)vt̄}

= 2{v̄b̄(1 + γ5)vν̄
C}

{

(

−(iσ2φℓ
∗)†σ · ℓ̂ (iσ2φℓ

∗)†
)

(1− γ5)

(

0
φt̄

)}

= 2{ūb(1 + γ5)uν
C}
{

(iσ2φℓ
∗)†
(

1+ σ · ℓ̂
)

φt̄

}

If you take the quantizing axis of top along with the lepton flight direction, i.e.

1 + σ · ℓ̄ˆ = 1 +σ · ℓ̂ = 1+ σ3 =

(

2 0
0 0

)

Thus only

φt = φt̄ =

(

1
0

)

allowed. This means top is polarized to ℓ̄ flight direction and anti-top is polarized to opposite
direction of ℓ flight direction.

[EOF]
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